The physics of a two-level system coupled to Ohmic bath is studied by means of the perturbation approach based on a unitary transformation. Our main results are: The coherence-incoherence transition is at α c = 1 2
[1 + ∆ r /ω c ]; for α < α c the dynamical quantity P (t) = cos(ω 0 t) exp(−γt); the sussceptibility χ ′′ (ω)/ω is of a double peak structure for α < α c and the Shiba's relation is exactly satisfied; at the transition point α = α c the real time correlation function C(t) ≈ −1/γ 2 c t 2 in the long time limit.
Studies of the two-level system coupled to Ohmic bath (spin-boson model, SBM)
have a long history [1, 2] . Although there were many studies using various kinds of methods, in recent years the physics of SBM has still attracted considerable attention because it provides a universal model for many physical systems [1, 2] . The Hamiltonian of SBM reads
The notations are the same as usual [1, 2] . In this work we consider the zero bias case with temperature T = 0. The Ohmic bath is characterized by its spectral density:
, where α is the dimensionless coupling constant and θ(x) is the usual step function.
The Hamiltonian (1) seems to be quite simple. However, it cannot be solved exactly and various approximate analytical and numerical methods have been used [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] .
Recent studies of SBM focused on its dynamical properties [6] [7] [8] [9] [10] [11] [12] . Among these studies, the variational approach proposed by Silbey and Harris [13] is of interest. They proposed to make a unitary transformation: H ′ = exp(S)H exp(−S), with
Then, the variational ground state energy is:
are eigenstates of σ x and |{0 k } is the vacuum state of bosons in which n k = 0 for every k. By minimizing E g ξ k is determined as
The authors calculated the renormalized tunnelling ∆ r [13] ,
Although the variational method can predict correctly the delocalized-localized transition point α l = 1 at the scaling limit ∆/ω c ≪ 1, it is not suitable for calculating the dynamical properties of SBM. In this work we present a new analytical approach, based on the unitary transformation ( (2) and (3)) and the perturbation theory [14] , for calculating the dynamical preperties of SBM which works well for the coupling constant 0 < α < 1 and the bare tunnelling 0 < ∆ < ω c . The approach is quite simple and physically clear, and may be easily extended to more complicated coupling systems.
Throughout this work we seth = 1 and k B = 1.
The unitary transformation (2) can be done to the end and the result is
where
Obviously, H ′ 0 can be solved exactly because in which the spin and bosons are decoupled. The eigenstate of H ′ 0 is a direct product, |s |{n k } , where |s is |s 1 or |s 2 and |{n k } means that there are n k phonons for mode k. The ground state of H ′ 0 is
H ′ 1 and H ′ 2 are treated as perturbation and they should be as small as possible. Eq.(3),
and H 
E|E E| + terms with higher excited states. (11) The diagonalization is through the following transformation [4] :
with V k = η∆g k ξ k /ω k . E's are the diagonalized excitation energy and they are solutions of the equation
The dynamical quantity P (t) = b, +1| +1|e iHt σ z e −iHt | + 1 |b, +1 is defined in Ref. [1] , where | + 1 is the eigenstate of σ z = +1 and |b, +1 is the state of bosons adusted to the state of σ z = +1. Because of the unitary transformation (e S σ z e −S = σ z )
since e S | + 1 |b, +1 = | + 1 |{0 k } . Using Eqs. (11)-(17) the result is
where a change of the variable E ′ = E + η∆/2 is made. The real and imaginary parts
The integral in (19) can proceed by calculating the residue of integrand and the result is P (t) = cos(ω 0 t) exp(−γt), where ω 0 is the solution of equation
and γ = γ(η∆) = απη∆/2 (the second order approximation). This P (t) is of the form of damped oscillation and one can check that the solution ω 0 is real when 1 > 2αω c /(ω c + η∆). When 1 < 2αω c /(ω c + η∆), the solution ω 0 is imaginary and we have an incoherent P (t). α c = Since e S σ z e −S = σ z , the retarded Green's function is
where ... ′ means the average with thermodynamic propability exp(−βH ′ ). The
Fourier transformation of G(t) is denoted as G(ω), which satisfies an infinite chain of equation of motion [15] . We have made the cutoff approximation for the equation chain at the second order of g k and the solution at T = 0 is
The susceptibility χ(ω) = −G(ω), and its imaginary part is
.
The
Besides, the real part of the susceptibility is
Thus, the Shiba's relation [3, 7, 9, 12] 
is exactly satisfied. S(ω) has a double peak structure for α < α c . For α ≥ α c there is only one peak at ω = 0. The symmetrized correlation function
where ω 0 is the solution of Eq.(22) and γ(ω) in the denominator is approximated by the second order approximation γ. At the scaling limit ∆/ω c ≪ 1 and the coherenceincoherence transition point α = 1/2,
C(t) decays algebraically in the long-time limit: C(t) ≈ −1/γ 2 c t 2 , which is the same as what was predicted by previous authors.
In summary: The physics of SBM is studied by means of the perturbation approach based on a unitary transformation. Analytical results of the dynamical quantity P (t), the sussceptibility χ ′′ (ω) and the real time correlation function C(t) are obtained for both the scaling limit ∆ r /ω c ≪ 1 and the general finite ∆ r /ω c case. Our approach is quite simple, but it can reproduce nearly all results which agree with those of previous authors using various complicated methods. Besides, our approach can be easily extended to other more complicated coupling systems. 
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